Linearization of homogeneous polynomials of degree n and k variables leads to generalized Clifford algebras. Multicomplex numbers are then introduced in analogy to complex numbers with respect to usual Clifford algebra. In turn multicomplex extensions of trigonometric functions are constructed in terms of 'compact' and 'non-compact' variables. It gives rise to the natural extension of the d−dimensional sine-Gordon field theory in the n−dimensional multicomplex space. In dimension 2, the cases n = 1, 2, 3, 4 are identified as known quantum integrable field theories and the general case is discussed.
Introduction
In most domains of research activities apparently disparate facts and data are first accumulated and later on classified and interpreted in terms of an underlying hidden order. There are numerous examples in physics ranging from Maxwell's early unification of electricity and magnetism to the actual understanding of particle physics and elementary interactions. The hidden structure takes the form of underlying algebras. A recent celebrated example relates to the interpretation of the universality of critical phenomena in two dimensions in term of Virasoro algebra. Among the possible algebras those induced by bilinear relations have a special status, probably due to the bilinear aspects of fundamental objects such as quadratic metric, commutators, anticommutators, etc· · · . However, algebras going beyond the quadratics ones have been constructed in the 70's from underlying polynomials of degree higher than two. They are dubbed by mathematicians as Clifford algebras of polynomials [1, 2] . The matricial representations of such algebras [3] lead to natural algebraic extensions of the Clifford and Grassmann algebras [4, 5] . These famillies endow extensions of complex numbers [6, 7] leading to the corresponding extensions of trigonometric functions, dubbed multisine functions. Clearly the fundamental role played by usual trigonometric functions in physics points to the potential usefulness of the multisine, yet to be unravelled. It is thus natural to focus on field theory in its 'simplest' (apparently) famous form, the sine-Gordon (SG) model, known for its integrability and early established boson-fermion duality property [9, 10] . By analogy, Toda and affine Toda field theories based on simply or non-simply laced algebras are the natural simple Lie group extension of the SU(2) andŜU (2) Toda and affine Toda field theories, e.g. Liouville and SG models. The interest in such deformed Toda theories comes from their integrability and duality properties [11, 12] which can be used to pave the way to the understanding of electric-magnetic duality in four-dimensional gauge theories, conjectured in [13] and developped in [14] . Thereby non-perturbative analysis of the spectrum and phase structure in supersymmetric Yang-Mills theory becomes possible. The mathematical formalism is first introduced in section 2. A representation of the multisine functions is constructed on the basis of 'compact' and 'non-compact' directions. Two sets of variables appear: one set, namely [φ p ], represents the E(n/2) 'compact' directions and the other, namely [ϕ p ], represents the n−1−E(n/2) 'non-compact' directions. Clearly for n = 2 only one compact direction exists corresponding to the standard trigonometric angle. Then, the explicit expressions of the multisine are obtained for all n. Section 3 is devoted to the natural extensions of the sine-Gordon model with the substitution of the 2-dimensional complex space by the n−dimensional multicomplex space. It amounts replacing the cosine function by its multicomplex extension of order n, hence the name of multisine-Gordon model (MSG). In two dimensions and for specific values of the coupling constants, the first cases n = 1, 2, 3, 4 are clearly identified as integrable quantum field theories (IQFT), n = 1 corresponding to Liouville IQFT, n = 2 to SG, while n = 3 and n = 4 correspond respectively to integrable deformations of the non-linear sigma model in Witten's black hole metric and of the N = 2 supersymmeric SG. Finally we envisage the cases n = 5 and 6. The 2 − d fermion-boson correspondence tech-niques are used to obtain a form suitable for perturbative analysis and the integrability of the two models is discussed. Some conclusions and perspectives are drawn in section 4.
Mathematical preliminaries 2.1 Introduction
A known property, not often emphasized, of the set of complex numbers is its appearence as a special case of Clifford algebras. All these algebras have in common their definition from quadratic or bilinear relations and consequently admit a Z Z 2 −graded structure. However, mathematicians have obtained, in the spirit of usual Clifford algebras, new algebras defined from n−linear relations and leading to an underlying Z Z n −graded structure. The so-called Clifford algebras of a polynomial can be defined,à la Dirac, through linearization of a homogeneous polynomial P of degree n and k variables. It is generated by
k , the algebra generated by the g's is the usual Clifford one with (g i g j + g j g i = 2δ ij ), but for n > 2 an extension of Clifford algebras is obtained. There are some differences between the quadratic and non-quadratic cases. When n = 2 all the algebras are equivalent (up to the signature of the metric) but this is no longer true for n > 2. As soon as n > 2 the algebra is infinite dimensional, and a faithfull matrix representation (except when k = 1, 2) [2] cannot be obtained. However, it has been proved that in any case a non-faithfull matrix realization can be derived [3] , and from this linearization the so-called generalized Clifford algebra (GCA) emerges quite naturally [3, 4, 5] . The GCA is defined by the following relations (with Γ i denoting the generators of the GCA)
A matrix realization of the generators Γ can be found for instance in [3, 4, 5] . The GCA, and its associated generalized Grassmann algebra [3, 5] (with Γ n i = 0) have a wide range of aplication in physics (see for instance [5, 8] and references therein) and were used recently to build a theory beyond supersymmetry [16] .
Looking back at (2.2) , clearly the case of one generator can be put on the same footing as complex numbers with respect to the Clifford algebra. This algebra was studied few years ago and dubbed evidently multicomplex numbers.
Definition and properties of multicomplex numbers
The set of multicomplex (MC) numbers is then generated by one element e which satisfies e n = −1 [6] IMI l 3) and constitute a n−dimensional commutative algebra. Some classifications among the MC-numbers have been performed by Morris [4] and following the parity of n we have
At this point, from these isomorphisms, one may conclude that the MC-numbers are somewhat trivial. But using these isomorphisms, all the properties of the MC-numbers related to the Z Z n −graded structure are lost from the start. Moreover it is worth stressing that most of the results of usual complex mumbers analysis remains true for MC-numbers, were it be for algebraic [6] or analytic properties [7] , but with some specificities. We just recall the properties of the MC-numbers that will be useful in the sequel and refer to [6, 7] for more details. All the properties of MC-numbers can be established using the n×n matrix realization of the MC-algebra 5) with q = e 2iπ n . In this picture any MC-number x is represented by a diagonal matrix
From now on, lower case letters will represent an element of the MC-space and upper case ones its n×n matrix representation.
It was then established that the set of MC-numbers can be equiped with the pseudonorm and for n = 3
The norm defined in (2.6) has the following properties:
1. In keeping with the standard case the norm can be defined using the appropriate conjugates of x;
2. for n > 2, x = 0 means that x is a divisor of zero, 3. when n is a even number the norm is positive.
The multisine functions and geometrical properties
The analogies with complex numbers extend further, as it was also shown that when x = 0, x admits an exponential representation
Of course due to the multivaluedness of the logarithm function the Θ's are not unique. We shall come back to this point. With (2.7) and using the matrix representation (2.5) we have
¿From (2.7) it becomes also straightforward to define the extension of the usual trigonometric functions 9) and to establish the properties :
, with sign the sign function and i − j defined modulo n;
• iii)
Of course when n = 2 we have cos 2 (Θ)+sin 2 (Θ) = 1, and when n = 3 mus
• v) when n is not a prime number (n = n 1 × n 2 ), we observe that the mus-functions of order n contain those of order n 1 (or n 2 ). In other words, it is possible to find a n 1 − 1 or n 2 − 1−dimensional subset of the n − 1 'angles' which reproduces from the mus-functions of ordre n those of order n 1 (n 2 ).
• vi) From the exponential representation we obtain IMI l C p ⊂ IMI l C n , p < n with any p when n even, and odd p when n odd.
Then, using the matrix representation (2.5) it is easy to see that e i + e n−i (resp. e i − e n−i ) are represented by pure imaginary (real) matrices, and, hence among the n − 1
Θ i e i one can extract E(n/2) compact directions and n − 1 − E(n/2) noncompact ones where E(n/2) stands for the integer part of n/2. However, the parametrization (2.9) is inconvenient to derive explicit formulas for the mus-functions. Hence the unimodular MC-number are written in an other basis in which the cases n even and n odd have to be distinguished.
Unimodular MC-numbers: even n
One may write 10) with (2.11) In the matrix representation (2.5) p a is given by a diagonal matrix P a with i in the a−th position, −i in the (n − 1 − a)−th one and zero elsewhere. A direct calculation shows that the condition ϕ 0 + ϕ 1 + · · · + ϕ n/2−1 = 0 is necessary to have unimodular numbers. In other words, we have x n = exp(2(ϕ 0 + · · · + ϕ n/2−1 )). Developping (2.10) with (2.11) on obtains from (2.9) 12) with ϕ 0 + ϕ 1 + · · · + ϕ n/2−1 = 0.
Unimodular MC-numbers: odd n
In the odd case, the situation is more intricate, and the appropriate change of basis is 13) and the mus-functions become
In (2.12) and (2.14) the angles φ a parametrize the compact directions and ϕ a the noncompact ones of the manifold x n = 1 (this manifold can be viewed as an hypersurface embedded into a n−dimensional space). The structure of the manifold is easy to picture, as can be seen for the case n = 3 (see fig. 1 ).
Indeed the equation of this manifold is given by property iv) which for n = 3, can be rewritten as y 1 (y
). The interpretation is simple: at each point y 1 = r 2 on the y 1 axis we have a circle of radius 1/r in the (y 2 , y 3 ) plane. The situation is generic for any n [6] .
In keeping with the quadratic case, all the mus-functions can be obtained from mus 0 by an apropriate translation in the compact directions. It occurs due to the identity e ≡ exp E(n/2)−1 a=0 (2a+1)π n P a , when n even (a similar realtion holds when n odd) . Hence 15) with the convention that if k + ℓ > n, then mus k+ℓ = −mus k+ℓ−n . Finally, the periodicity in the compact directions of the manifold x n = 1, results from the multivaluedness of the logarithm. Some remarks on the representations of the MC-space are in order. The representation (2.5) is n−dimensional, however it is possible to find higher dimensional representations of the MC-space. Of course for such representations the equation (2.6) does not hold. However, it is possible to define, using those higher dimensional representations, mus-functions with constraints of higher degree. It results in other constraints than ϕ 0 + · · ·+ ϕ n/2−1 = 0 for even n andφ = −2 (n−1)/2−1 a=0 ϕ a for odd n in the non-compact directions. For instance, if we select the 4−dimensional representation for the MC-number when n = 3, obtained from the embedding of IMI l C 3 into IMI l C 4 , e −→ diag(exp(iπ/3), −1, −1, exp(−iπ/3)), the mus-functions writes 16) etc...,
It should be noted that the factor 2 in the second term of mus 0 has been replaced by a factor one. Geometricaly the manifold encoding the constraint on the mus-function is defined by (
3 ) = 1 with an obvious interpretation. Now, as we have mentionned, when n = n 1 ×n 2 is not a prime number we have specific properties. For instance if n = 4 we can obtain the usual trigonometric functions from the mus-functions of order 4 mus 0 (ϕ = 0, φ 1 = θ, φ 2 = −θ) = cos(θ), (2.17) mus 1 (ϕ = 0, φ 1 = θ, φ 2 = −θ) = 0, mus 2 (ϕ = 0, φ 1 = θ, φ 2 = −θ) = sin(θ), mus 3 (ϕ = 0, φ 1 = θ, φ 2 = −θ) = 0, mus 0 (ϕ = 0, φ 1 = θ + π/4, φ 2 = −θ + 3π/4) = 0, mus 1 (ϕ = 0, φ 1 = θ + π/4, φ 2 = −θ + 3π/4) = cos(θ),
This situation is generic for any n.
3 Embedding of known models in multicomplex extensions
Construction of the models
The first obvious step is to consider potential terms as multisine functions. Although conceptually simple it is surprisingly fruitful in relating apparently different field theoretic models. We introduce a field theory associated to the n−dimensionnal multicomplex space by :
where J k is real and (α a ,β b ) are real coupling constant.
•
This vectorial boson field maps R d onto R n−1 with ϕ p for the non-compact directions and φ q for the compact directions. Using (2.12) and (2.14) the general form of the Lagrangian writes :
• For n even
2)
• For n odd (3.3) ¿From symmetry arguments, one may restrict to the case k = 0 since, according to (2.15) , appropriate translations in the compact directions generate multisine functions of higher orders. Then, in the sequel, we only consider the following field theory (J 0 = −µ) :
Classical equations of motion and classical integrability
The corresponding equations of motion write :
• For n even:
with a = 0, ..., • For n odd:
with a = 0, ...,
On general grounds classical integrability proceeds through construction of Lax pairs with zero curvature condition corresponding to the equations of motion. The zero curvature condition of the integrable manifold µ with Lax connection A and A is :
which corresponds to the compatibility conditions of the following linear problem : 8) where F is the solution of this system. Except for the cases n = 1 and n = 2 (Liouville and sine-Gordon models) we do not know any Lax pair with a vanishing commutator. Moreover some analog to the Cartan-Weyl basis, useful for Toda models, is not obvious here. In other words , the classical integrability for n > 2 is an open problem.
Quantum integrability
On the other hand, if a theory is quantum integrable in (1+1) dimensions, the conservation of currents is obtained from massless perturbation theory in which the whole exponentials terms are treated as interaction terms. This is essentially equivalent to OPE techniques. As for massive two dimensional field theories, the ultraviolet divergent diagrams are tadpoles, removed by normal-ordering. We work in euclidian space, with (z, z) coordinates. The massless bosonic propagators are identical and such that
ln(2zz) . Local currents (with spin s) of the form (n even):
are then considered with
-by the classical conservation laws:
The coefficients X
possess the same symmetry properties as the Lagrangian, resulting in a set of strong constraints among them. Generalization to the case n odd is straightforward, with a change
. The X are then determined in a way such as to cancel contributions coming from potential anomalies -e.g. local contributions which cannot be written as the ∂-derivatives of some suitable expression.
Case n=1 : the Liouville model
In this case, the multicomplex space is just the real space. Strickly speaking there is no exponential representation in the sens of (2.7). However, if instead of unimodular numbers, positive numbers are used, one may write x = exp (ϕ) leading to the potential exp(−2β 1 ϕ 1 ). This field theory is then integrable as it corresponds to a conformal field theory, the well-known Liouville model : 3.10) 3.3 Case n=2 : the Sine-Gordon model
For n = 2 we immediatly obtain the well-known Sine-Gordon model [9] which is integrable [10] for d = 2:
where mus 0 (αφ) = cos(αφ), mus 1 (αφ) = sin(αφ), (3.12) with det mus 0 (αφ) mus 1 (αφ) −mus 1 (αφ) mus 0 (αφ) = cos 2 (αφ) + sin 2 (αφ) = 1.
The 2-d fermion-boson correspondence [9] gives : 13) with :
(3.14)
Case n=3
Starting from the expression (3.4) for n=3 the different multisine functions take the explicit forms :
The action writes : 3.16) This model is integrable [15] for : (3.17) and the integrals Q 2 of spin 2 are generated by the conserved currents T 3 of spin 3 which have the form :
with :
The QFT (3.16) is then quantum integrable and also possess [15] a dual representation corresponding to the complex sinh-Gordon (CSG), which is a sigma model with Witten's black hole metric. Furthermore, it has the U(1) symmetry generated by the charge Q = dxψγ 0 ψ. For small β, one can use the 2-d fermion-boson correspondence wich gives : 3.19) with g defined by (3.14) andCT (3) (ϕ, β) ∼ exp(2β 0 ϕ 0 ) an usual couterterm added to cancel the fermion loop divergence.
Case n=4
Starting from the expression (3.4) for n=4, the different multisine functions write explicitely : arguments pointing to the integrability of the case n = 5. Detailed work is in progress and will be reported elsewhere. The case n = 6 seems more problematic. However, due to the similar structure in vertex operators an inductive proof of integrability for n > 6 would hold if the cases n = 5 and n = 6 are integrable.
Conclusion
The concept of unifying algebras has long proved fruitful in the understanding of apparently disparate physical phenomena. Major advances and developpements in critical phenomena in two dimensions occured from properties of local conformal invariance with the underlying Virasoro algebra. Quantum field theory in two dimensions has accumulated a variety of integrable models ranging from Liouville, sine-Gordon to Toda and affine Toda theories, etc... In the search for a common framework we have shown that generalized Clifford algebras and their associated multicomplex structure and trigonometry provide a strikingly powerful unified scheme for a whole set of QFT models of higher and higher complexities. The main characteristics of the primary models is their known integrability. It is believed that this new framework should provide some insight on the properties of QFT's of higher order in the hierarchy as well as to lead to some genuine developpements in models of statistical physics.
Finally to conclude, we would like to mention that the specific algebraic structure of the MC-numbers should be relevant for a general analysis. One can compare for instance the property of the model studied in sect. (3.5) where the matrix S can be written as a product of two SG S−matrix with equation (2.17) . Anyhow, if we use higher dimensional representations for the MC-number, we have, in principle, other models than those described in (3.2) and (3.3) .
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